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Differential game model and solving method for missile
pursuit-evasion
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Abstract For the pursuit-evasion game of an interception missile (interceptor) pursuit an incoming
ballistic missile (warhead), each missile was given a modest post launch capability to maneuver, differential
model and solving method of the game was proposed. Firstly, we gave a mass-point dynamics model
of the missile pursuit-evasion system. Secondly, based on differential game theory, we established the
detailed differential game model of missile pursuit-evasion problem. The model took thrust angle as
control variable and flight height, velocity, longitude as state variables, it also considered earth gravity
and rotation effects. Thirdly, as differential game can hardly solved analytically, we gave numerical solving
method that employed fourth degree Gauss-Lobatto quadrature rule to improve accuracy when compared
with lower degree rules such as Simpson’s rule, at the nodes and collocation points the values of the state
and control were discrete to transform differential equations to algebraic equations. Fourthly, we gave the
method able to transform a two-side differential game into a single objective problem. Experimental study
verified the model and solving method proposed.
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HISREE AT 5, FEX 2N EML ERAR ARG WEE TS A RS B AE
B, BRI EERLALERFIM IR, REHRMERER. 2888 (Bdi#, pursuer) REE TR
B%, J1EME BAR FRGEEIRTEEZ A; L BAr GR&RE, evader) REUEREE, NTEAGEEREE,
W7 NI EE. Isaacs B ELIBHIBIIT T T XHRAE 2k EZEME B, Bryson fl Friedman #
SHIER T M B S TR AT S E S 45, Breitner DI SBEER KL B AITR, BN TEAET
FELMB YRR ©), Raivio B ENER T —2SMETEE A KHLBMIESEME (). Mo wHREies
AR AR S BB X LR AL B B 58 >, ESHEIT R B Sk [8-9) 6.

BREENER KRR MR, BRP RO FREEE SRR, AREFGFERERESNERBESRE, MY
RSB HE L, FoRBITBEE, — Rt HHBER. X8R FraE 2t 3 R W, 12 CEMN
ETHERANELRARHEERES, BT REMER N EERRS R RS EHRA
BB MR E B, MR TR/ MEF TR R, EEaiE R s h A RaTRE
A B By s H A B AR S B AC A1 (collocation). B F FAFTHEMEHFHATRAGET, X -FHMES B, ¥1{E
EHAEESSE KRS, FIE S kT RESEMRE— T4, Johnson ¥ BARKIE T Bl S ETEM
SRR AR A R (0L

AR BB A B S E R s R, REET X RO B S T Bk
TR HYCRIEE SRR, SR Gauss-Labatto 207 8UE R, 328 A Elk
RGBS, BEIERNKE S T T Bk
2 BkahHFER

BAEHBUTELRIE: 1) 8455 HARMsHE v 4 AR AR, A< SCERIBkE A ER
— (BUE) FHEAN, Z4EERNBTRIHE; 2) BRI, BT ZHEINMEm, hBkEaaat
A%, ERBOVSIEEANT B, BInRSEERAZERMRE TS B8, 3) AT HEHR, &N
HEREHR, BEYShINEEE AR, BAEK/DAE, FHATA; 4) BREFERERE, —BBEFREH5
PESHRICR RE A B B AR AT 5k E/ f?liﬂf‘}’ﬁﬂx'fiéf}J'zJi HILA 1.

1 ERBSHGNENETEE
A P R8BS, E RRBLBF, vpn,vpo HEBS KITEE vp BKTHBNEEN R, ven, vk,
HERKITERE ve WKTABMEESR, hpe,he, he HEBSS, BIRRHEENIRYER, 0p,00 H_H
e EE) FESKFEALA, ap,ap A KITIEE, mp,me RHE, . HHERT | IHH £_HE
BEREE I LH

Te — V5, hp Fp
(hp+he)® ~ mp
Te — U%ahg Fg
(hE + he)2 ’ meg ’

Vpo, = apsinfp —

i)Ea =aE SinoE —
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H op, o5 HBIN_HENEESR, £ FHEENOKTITH LR

bpp = IP cosOp — LPRVPa g VPR
mp hp + he hp + he
":)Eh = ﬂ:—COSQE - VEhYEa , ¢E = YER .
mg he + he he + he

PSR HARAE, EBHEER c = (cp cp T = [ Fp Fg |7 BTREENER/DAZE, WEH
HRENT O e=]cp ce|T o c=[0p 0p |7 HIt EZBFIMERKE, BRETEA zp =
[ vph vPa hp+he ¢p 1T xe=[vEr vEa hethe ¢% JT.
HE 1 FERJUEARRA
Vbo + VB = VP, Vg + VER = VE (1)
B t, to AMH B DB A FF AR TRETA, FLE L RBRE B EER ST EA EHKER s i, TR
B2 AR (2R) Bir, B
(he + hp)? + (he + h)? — 2(he + hp)(he + hg) cos(¢p — ¢E) = s (2)

3 Bk XIReRE
3.1 FaXMRAE
— SRR A, MR RGRE RN O
&p = f(zp, cp,t), g = f(TE, CE,t).

Hbt tg < t < te, BMMLRAHT B — M ARBARZFNLIRAREGHRR ¢ XX

Y=[app Teo Tre TEe to te| =0 (3)
[ AR GEAT) R% J TR NEHMARIRT, B R

J = f(2po, ZE0, TPe; TRe, o, te)-

7EEKEE T, A B/ MLERER J, TAEBESRLBRER J. 4 cp cp HHFRRBEBN
TR R g, A

min max.J = max min J
Cp(t) CE(t) CE(t) cp(t)

(t) =P (mP’mE’t)
cg(t) =78 (zp,Tp, 1)
cp(t) = vplxp(t), zE (D), 1]
CE( ) =YElep (), 25 (1), ¢]
H TR R R, BNZOERSI S RERT A EA, X X R/MERBRAL AT A E.#
BSELAE B, —fBRR (b, ch) MR B A (saddle point), Basar 5 Breakwell 45 H| T 8 S -IFER]
B (11120 sty e nfy A1 o B0 S i et 200 R 3
H =AEip+ ALdg, ®@=C+vTy (4)
HAMBIRRT Ap, A5, v B AMNEERE MR, GRS E WEUATIEA
: OH dtp
e

(to <t < te)

axp dzp
‘ v ‘g;% 5% [gzﬂ N 5%
Ap(to) = ~Bznta)’ Ag(to) = ~ Bzp(te)
| Ap(te) = gy Mate) = 5o

— N AL T R AR 1

cp = argmin H = argmin(AL&p)
cp cp

cg = argmax H = argmax(AL&g)
CE (35
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BB — PR — P e [@Er:[@zrhﬁﬂ’fﬂ>o

dcp dep 86%3 - (6)
oH1T [0z5]" 92 H
B - 5] e =0 5 <0
R B IR T 2R SR 2 ARt 28 B PS40 X 5 (el BT AR AR R 4 B
gTq)—H(to) 0, Zt +H(t)=0 (7)

RIS HBETELMILBIERE, KXTRE MRS AR RMIER: EHRK, Mt R
SRS, ARARE MMTYISIERBEE; R, IEMSRE RIS RS SR, Rt iyl shs
RERBMBLAEA. AR AL X 5357 95 M (barrier) ™), S 32 RSB R T AP ST 45 PRI BOE, S
BB — A RO LB B R R A Db, AR Mo 0o, SORk (3] 44 M TS

%ﬁﬁ:}:iﬁﬁZE‘JﬁﬁE‘{ft -
8;p13((:3)f[mP(te)3 CP(te), te] < _85:1/;((:6)) f[mE(te), CE(te)7 te] (8)

3.2 SHERsRIER
AR 3.1 RIS R SR IR B N B S B SR R I . e, SRR B GOk
A EARS R R R 5 BE R
zp=[z1 22 z3 4] Ap=[M A A3 AT,
:EE:[ Is Te X7 I8 ]T /\E=[ A5 As A7 A ]T.
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VPrUPa [ arcos 05 — VERVEa
hp + he B hg + he
— 92 h a2
apsingp — 7 UPalP apsingy — = VEeNE
:i’:PZ (hP+he) ,:I'JE= (hE+he)

VPa VEa

apcosfp —

Uph VEh
hP + h J L hE + he e
B (4) A1, BRIT B’Jﬁﬁlﬁzﬁt"‘%ﬁ}ﬁﬁiﬂﬁ

_ —2uppA1 +vpad2 — Ay
] hP + he
A2Uph
5\p=—QI—{—= hfP'|'h'e_)\3
'0120}1)\1 — 'Upa’UPh)\z + 'UPh)‘4 _ 2Te Ay
(hp + he)? (hr + ho)®’
0
r _ ~20BrAs + Ugade + Ag
hE + he
. A6VER Ay
AE = ——— = he + he
v%h)\5 - 'UEa'UEh)\G — 'UEh)\g . 2Te)\5
(hg + he)? (hp + he)3
0

FHK, 1R (6) Piy— m%ﬁﬁl@&%ﬁ‘ %

2— =0—ap(Aacosfp — A\;sinfp) =0,
6Cp

6p(1) —arctan<)‘ ) fp(2 )—arctan()\ )+7r
)\1 /\1

H
0— =0- (I,E(AG COS@E - /\5 Sil’leE) = O,
aCE

fg(1) = arctan A6 , 0r(2) = arctan s + .
)\5 )\5
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R (6) PR RIERME &

2H
gcz =ap(—Azcosfp — A1sinfp) >0
32;1' (9)
- = ap(—Ascosfp — Assinbp) <0
Ocg,

FIFH I (9) FTLAKINT — Bt h 0p, 0p 9 EMREIE. 433k B HHAEER J., REX ()
25 AR R AS B 2O R SR
0
0
2v9 {(hp + he) — (hE + he) COS(¢p — (ﬁE)}
—2ug(hp + he)(hE + he)sin(dp — €E)
0
0
—2(hg + he) + 2he cos[pr — dE(to) — Felte — to)] + 202 {(hE + he) — (hp + he) cos(¢pp — ¢E)}
—2(hg + he)hesinlor — ¢r(to) — Ve(te — to)] + 2v2(hE + he)(hp + he)sin(¢p — ¢E)

o TR 1, AR, HHER (7) A
B2 — 2 + he)heDesinlés — b5(t0) — Delte — o))
FEst (1), (2) TR BRI R i
22(to) + 73(to) = v (o)
4= 22 (t0) + 2i(to) = v (o)
22(t0) + a3(ta) — 2 (o) (te) coslzalte) — as(te)] = 52
e, BTt (2) TR R AR R SR R H R () B J, T AR B A
Y

Ap(te) =

Ap(te) =

min max J
0p(t) ()

J= \/mg(te) + x%(te) - 21’3(te)m7(te) Cos[m4(te) — zg(te)) .

REER (8), AL BT A M P A R B R TR R HWTIE

TaZ3 + TeTr — T7|T1 sin(zq — 28) + T2 cos(zs — x3)] — T3[zs sin(zs — T8) + Zo cos(zg — z3)] < 0.

4 My Gauss-Labatto gk

W A I S TR VAL, HB R R W4 B, AL U= ET IR 8, HEX BR
EGRR A BT I IS8, SRR RSB, BRI M AR, RS
BRSOk, FEEXE S EETRS. PR AR EERET = Simpson BIITIE (131 %48
FRASEGHTE T, 765 BEE P RREESAL, I T REDERE, —RAEPMgR: —=Hl
SBR, BUNESELERE, SREAEENFRA T (M. ASCRAME Gauss-Labatto o g
PR, DURERAEEE, T RS —REHE SRR RIEUSTARRE.

BB A EEEL BRET ) [to, te] 43 n Bx

[to, t1], [t1, 2], - - [tn—1s tn)(tn = te)-
A AR B KERST Al(FEYH)

— 1
.

At = =

SHEABTEEE [tio1, 6] = 1,2, --,n), EESANEEETE A tio, tmir tilt = 1,2,---,n) 45 AiZat ]
B, ARG A A, W z(timy), o(t:;) AEHELE EXRRARISAER f(ti-1), f() S g _E R
RSB R FEL, B £ = 0x(t)/08; c(ti—1), c(ti) St f s A B BUE. TUBY Gauss-Labatto FR4)
L= Simpson BUMEE MBI T t1, t2 FAECRIRERE, WE 2.
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B 2 =}t Simpson FIMH Gauss-Labatto A SMARELHK
ﬁm, %ﬁ@ii"\‘, /%ﬁ/l\ﬂﬂ‘ré]-& ti—lati —t%m}i%%% ti17ti2(i = 1727 o ',TL)7 wa'—rq:mm Gauss-
Labatto B}, tir, tio Fl tmi S35H

tic1 + 1 1 /1 1 /1
tmi = — 12 5, ta =tmi—§\/;At, tizztmi+5\/;At.

z(tin) M z(tin) R 2(t) 7 tir, tio AMBTREE, MUESHAFEBE, 4508 13
o) = & { (TVB+9) @ (t1-1) + 328 (tms) + (~TVB +9) 2 (8) + }

T
|
|
|
|
|
|
|
|
|
|

At [(VB+1) f (tic1) + (VB —1) £ ()]

a:(t~)=i{ (=75 +9) T (ti_1) + 32 (tmi) + (7V5 + 9) z () +
N At [(=vB+1) f (tio1) + (—vB — 1) £ (t:)] ‘

A a(tior), Z(tmi), z(t) B f(tir), f(t:) WESTR (EENRE XA RES B SR L
s, s, SR RIFPRSERNTFE, & RRESX RN SE8E), EXRALSHAIDRE SHIEL, BE
ABRALHY 2(t) BT (), Fit, EG—MER L, WEHSTRE t, 1o WEBSAR

Xi1 = ‘i‘(til) - f(til) =0,x52 = i(tm) — f(t,-z) =0.
s (ta) = 1 { (325 + 60) z (t;1) + (32v/5 — 60)  (t:) — 72V/5% (tms) + } .
1 At [(5+3V5) f (tim1) +50f (tar) + (5 — 3V5) (t);] :

1 (32\/’+60) (ti-1) + (=325 — 60) z (t:) + 72V5z (tmi) + | _
120 | At [(5—3V5) f (ti-1) + 50f (ti2) + (5 + 3V5) (t:),] o

BBSOTHIREH R ¢ K& 4 DREBE, Bl FERAERE 80 MR c(ta), clte) FTH c(ti-1),
c(ts) MEHERRERE], o(ta) M 2(te) TRARMENZSHXRARARSHAFTHBEROUSHEE.

5 KRB

H5E 2 RS BB X L B AR — N DU B AR HEFIR, (HAC s B R e R R R R
ARG (B ELT) Bl FITERI I BN 3R Rl AL AL B B AR A SR I, R (241

ETRK (6) TbRERINNFHEN—NM B &4, BREXEF VR cp TERRTRENR 25,
FerarE A FIRTTE ¢ B9 EEC

x (ti2) =

CcCEg = fE(:IZE,AE,t).
RIFBAEERE S A ETEWERIME cp, ICHRREH R € = cp, ¥R ERRELE MRS
ANBIRFHRSHR 2, B

Z(t) = zp(t) 25t) AR®) 1T
Lk
Ot

E(t) = [ fp(zp,cpt) fh(ze cp,t) — [—] AE ]T

&L’E

- Benern fasren -2z ] -7

B FIRBISHRGORS MRS T R E G CERE i, 2 (3) X RLAZR SR 2 HL% At B AR LT
P=[yT I "
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= (4) xwmmﬁﬁnf—\mﬁmm%ﬁﬁm HHA B H
—XTF=[Ap Ay A, ITF=ARfp+ALfs— AL [gfﬂxg
d=C+0"p=C+[v v |T[ % ¥ |=(+ vy + vt

G, HAHERAENER MR co TRARESHR cp, EREFE g fEHE ¢ FR, K FIEERE &
MABIREAREME, 8 3.1 TR E BRI BRI R MBEE N T AT B Bt a5
min J s.t.{ %(t) R f
&(1) $=0
23t BRFedl, M8 EA N ELER R, AT A B SO T S E R AR, KSR AT Matlab
Hfg SNOPT k4460 U, B &1, &, T3 (6= 1,2+, n) B @iy, Gar, Gig, s 6=1,2,---,n) &, B
WA fior, £i =12, ,n), BRERIORB LR i UH £ FAIHEEFD.

6 SCEISAT

REHHHOFE, FELFITS LS SEEMPEE: HBRER he 4 6371km, to = 0 KA, 2848
L o BIRIZE op, op K 103° F1 85°, BAFMBLBEMEE hp(to), he(to) 55 60km FI 240km,
HAARAIAL to FAEEEY 2200m/s F 3500m /s, ERMAAHL to MARSIABE 0p, 05 K 15.1° A1 101°,
HIBRE B 9, ¥ 7.292 x 10~ 5rad/s, HHIREEES
se N 15km, HULS[HHEE 7. KA 398600.5km® /s?,

AL AN EUEE R 3600 1~ (Zp Mt & etz 10
%), EEIBFMBLAIMBEE KR/ ap,ar 551K 159
# 59, Bl Fp/mp ~ 3Fg/mg, g = 9.8 x 10™3km/s%. ’ &

&l 3, B 4 F1lE 5 S AR BBy
B2, B BT AR T L R B4 3R,
BRDITHIKFEEMELEERER AT 0 —"
ZEMBEM B ARSI T, ERARESY.

WHEET WA SRR R BRI MR RS, T
TEXTSRETIE] 345 PR, EEBAFXMLMNER, & 5

RILGEUT RN B EA B, X —4iR o
HETERER (1) AL B 3 BENHBE or. op BEIEEL
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FIAERAY R 7 T R, X — X T S B (BRI R AR d T 348, (X TRy, e g
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